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270. 


ON THE DOUBLE TANGENTS OF A CURVE OF THE FOURTH 
ORDER. 


[From the Philosophical Transactions of the Royal Society of London, vol. cut. (for the 
year 1861), pp. 357—362. Received May 30,—Read June 20, 1861.] 


THE present memoir is intended to be supplementary to that “On the Double 
Tangents of a Plane Curve (Phil. Trans., vol. CXLIX. (1859), pp. 198—212) [260].” I 
take the opportunity of correcting an error which I have there fallen into, and which 
is rather a misleading one, viz. the emanants U,, U,,.. were numerically determined 
in such manner as to become equal to U on putting (2, y, %) equal to (a, y, 2); 
the numerical determination should have been (and in the latter part of the memoir 
is assumed to be) such as to render H,, H,, &c. equal to H, on making the substitu- 
tion in question; that is, in the place of the formule 


U, = 1 (ade + yy + zaU, 


1 
oe = n(n—1) (702 + YOy + 2,02) U: &c., 


there ought to have been 
1 


U, — (n—2) (20x + Ydy $ 2,02) U, 


1 2 
U, = @@—2) m3) (20x + Ydy + 210z} U, &e. 


[this error is corrected ante p. 189]. 


The points of contact of the double tangents of the curve of the fourth order 
or quartic U=0, are given as the intersections of the curve with a curve of the 
fourteenth order IIT=0; the last-mentioned curve is not absolutely determinate, since 
instead of II=0, we may, it is clear, write II+ MU=0, where M is an arbitrary 
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function of the tenth order. I have in the memoir spoken of Hesse’s original form 
(say II,=0) of the curve of the fourteenth order obtained by him in 1850, and of 
his transformed form (say I],=0) obtained in 1856. The method in the memoir itself 
(Mr Salmon’s method) gives, in the case in question of a quartic curve, a third form, 
say I],=0. It appears by his paper “On the Determination of the Points of Contact 
of Double Tangents to an Algebraic Curve (Quart. Math. Journ. vol. m1. p. 317 
(1859)),” that Mr Salmon has verified by algebraic transformations the equivalence 
of the last-mentioned form with those of Hesse; but the process is not given. The 
object of the present memoir is to demonstrate the equivalence in question, viz. 
that of the equation I],=0 with the one or other of the equations II,=0, I, =0, 
in virtue of the equation U=0. The transformation depends, Ist, on a theorem used 
by Hesse for the deduction of his second form I],=0 from the original form IT, = 0, 
which theorem is given in his paper “Transformation der Gleichung der Curven 
14ten Grades welche eine gegebene Curve 4ten Grades in den ‘Beriihrungspuncten 
ihrer Doppeltangenten schneiden,” Crelle, t. LII. pp. 97—103 (1856), containing the 
transformation in question; I prove this theorem in a different and (as it appears 
to me) more simple manner; 2nd, on a theorem relating to a cubic curve proved 
incidentally in my memoir “On the Conic of Five-pointic Contact at any point of 
a Plane Curve (Phil. Trans., vol. CXLIx. (1859), see p. 385 [261]),” the cubic curve 
being in the present case any first emanent of the given quartic curve: the demon- 
stration occupies only a single paragraph, and it is here reproduced; and I reproduce 
also Hesse’s demonstration of the equivalence of the two forms IJ,=0 and II,=0. 


Let U=(«Qa, y, z)* be a quartic function of (a, y, z); (a, b, c, f, g, h) its second 
differential coefficients ; (A, B, C, F, G, H) the reciprocal system 
(be—f?, ca— g, ab—h?, gh—af, hf—bg, fg— ch); 


and let H be the Hessian of U, or determinant abe —af?—bg?—ch?+2fgh (H is 
of course a sextic function of æ, y, z); (a, b, c, f’, g’, W) the second differential 
coefficients of H; (4, B’, C, F, G’, H’) the reciprocal system 


(bio -f> Ca —_ g3 AY ES k’, gh’ eee af’, h’f’ P b'g, Bod y c'h’). 
Then U=0 being the equation of a quartic curve, the equation of the curve of 


the fourteenth order which by its intersections determines the points of contact of the 
double tangents of the quartic curve, may be taken to be (Hesse’s original form) 


I= (A, B, ©, F, G, HYO,H, 0,H, 3H} -3H (A, B, ©, F, G, HYez, dy, 0) H=0 C) 
Or it may be taken to be (Hesse’s transformed form) 
II, =5 (A, B, C, F, G, HÝ ôsH, ðyH, HP — 3 (x, B', C;, ES G, H' YU, dyU, 0,0 P= ? 


And moreover, if U, =$ (vð: +y, +20.) U, and if H, be the Hessian of U,, and 
(a”, b”, c”, f”, g”, kW’) the second differential coefficients of H —3H,, where in the 
differentiations (#,, Yp 2) are treated as constants but after the differentiations are 


1 In quoting this formula in my former memoir, the numerical factor 3 is by mistake omitted. [This cor- 
rection should have been made ante p. 187.] 
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effected they are replaced by (a, y, z) and if (A”, B”, ©”, F”, G”, H”) be the reciprocal 
system 


(De —f”, Ca My -—g”, wo” F? W2, fh” Sa 6. hf’ — b’g iy a fag its eh”), 


then the equations of the curve of the fourteenth order may be taken to be (Salmon’s 
form) 


TI, = ( x” pe g F”, a”, H” Vz U, Oy we oU = 0. 


I have preferred to write the three equations in the foregoing forms; but it is clear 
that the terms 


AB OF G H0 O HA OE EE i. Gye Oe, OO 
might also have been written 
(A,:B, C, F, G, HYa’, re a, 2h’); (a, B,C, Eain A Aa b, ¢, 2f, 2g, 2h). 


As already noticed, it has been shown by Hesse (and his demonstration is to be here 
reproduced) that the two forms I],=0 and H,=0 are equivalent to each other. And 
the object of the memoir is to show that the third form H,=0 is equivalent to the 
other two. The equivalences in question subsist in virtue of the equation V =0, that 
is, the functions I, II,, M, are not identical, but differ from each other by multiples 
of U. 


Demonstration of Hesse’s Theorem. 


Let (a, b, c, f, g, h), (a, WY, e, fa 9’, k) be any systems of coefficients of a ternary 
quadratic function; (A, B, C, F, G, H), (4, BY, ©, F, @, H’) the reciprocal systems as 
above, (a, y, z) arbitrary quantities. Consider the function 

C=(a, b, 6 f 9, ha, yr 8, Os Fas meer db, *c, 2f, 2g,h2h) 

—(A’, BY, C, F, €, HYact+hy+ gz, hæ + by+ fz, gut+fy + czy. 
The term involving A’ is 
ala, b, c f, g, hz, y, 2? — (ax+hy+ gz), 
which is 
= (ab — h?) y? + (ac — g*) 2 + 2 (af — gh) yz, 
= Cy? + Be — 2Fyz; 


and the term involving 2F” is 


f(a, b, 6 f, g, Yæ, y, 2) — (hæ + by + fz) (ge+fy + cz), 


which is 
= (af — gh) a + (f° — be) yz + (fg — ch) zæ + (hf — bg) wy, 
= — Fy? - Ayz + Hew + Gzy; 
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and the entire expression for O is thus 
A’ (Cy? + Bæ —2Fyz) 
+ B (Ae + Ce —2G2x) 
+ C (Bæ + Ay — 2Hxy) 
+ 2F (— Fæ — Ayz + Hzs + Gay) 
+ 2G" (— Gy? — Bea + Fay + Hyz) 
+ 2H’ (— He — Cay + Gyz + Fee); 
or, what is the same thing, 
O =(BC'+ BC—2FF’, CA’+CA-2GG', AB’+ A’B-2HH’, 
GE + ŒH — AF — A'F, HF’ + HF-BG-BG, FA +FG-CH -CHXa,'y, 2, 


which is really the fundamental theorem. It is however used as follows; viz. the 
right-hand side being symmetrical in regard to the two systems 


(aaua, ae) a (ty. Oy Cy TARY 


the left-hand side, which is not in form symmetrical as regards the two systems, must 
be so in reality; or if O’ is what O becomes by interchanging the two systems, 
then O’ =; or substituting for O and O’ their values, we have 


(a, 6, ¢, f, g, hXa, y, z.(4’, BY, OC, F, G, Ha, b, c, 2f 2g, 2h) 
—(4’, BY C, F, @, HYar+hy+gz, he+by+fz, grt+fy+ezP 
= (0 BA CES Se RB yeh (A, B,C, BG, Whe Uc OF, By, SAD 
— (A, B, C, F, G, Has +h'y + gz, Wa+Vyt+f'z, Jet+fyt+ecsy, 


which is Hesse’s theorem. 


If in particular (a, b, c, f, g, h) are the second differential coefficients of a function 
u =(xýx, y, zP, and (a’, b’, œ, f’, g’, W) the second differential coefficients of a function 
u'=(* Ya, y, 2)”, then the equation becomes 


pP(p—l1)u. (4, BY, Oo, F, @, WH Yos, Oy, 0,2 u—(p —1)(4, BY C, F, C, E YOu, Oyu, 0,0) 
=p'(p'—1)w.(A, B,C, F, G, H dz, Oy, Ow —(p’—1)(A, B, C, F, G, HYO,w’, Ow’, wY; 


and if for u, w we take the quartic function U and the sextic function H, its 
Hessian, we have 


12U .(4’, BY, Cc, F, G’, H’ Ydz, dy, 0? U— 9(a4’, BY, Cc, F, G@, Em YU, 0,U, 0,U)? 
= 30H .(A, B, C, F, G, H Vor, Oy, 0," H—25(A, B, C, F, G, H 0H, 0,H, 0HY; 


and if in this identical equation we write U=0, then from the resulting equation and 
the equation 


Il, =-—3H (A, B, C, F, G, H Ú Oz, Oy, ô) H+(A, B, C, F, G, H ðH, 0yH, 0,H1) 
Cc. IV. 44 
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we may eliminate any one of the three terms 
(a’, BY, OC, F, @’, H’§0,U, o,U , 0,U), 
H(A B,C, Fa i oer o os / Oya, 
(A, B,C; FO, N a 0,0, Oey j 
and in particular if the second term be eliminated, we obtain the equation 
Il, = 5 (A, B, C, F, G, HY0,H, 0,H, 0,H)?—3(a4’, BY, Cc’, F, G’, H’ J0,U, 0,U, Uy, 
and the equivalence of the two forms II, =0 and II,=0 is thus established. 
But Hesse’s theorem leads also to the demonstration of the equivalence of the 
third form II,=0. To use it for this purpose, I remark that if (a”, b”, c”, f”, g”, k”) 


are the second differential coefficients of H — 3H,, where after the differentiations (2, Y1, 21) 
are to be replaced by (a, y, z), then the theorem gives 


12U .(a”, B’, co”, F’, @’, H’ Yds, dy, 0° U—9(a", BY, CY, F’, G’, BH YcgU, 0,U, 0,Uy 
= (2,0, 07 ff) RG. ef (Ay BV CE GHD OR Oy (0. 4-38) 
— (A, B, C, F, G, HYa’x+h"yt+g"z, k'a + byt fz, gf atf’yt+e'zy. 
But on putting (x, y, z) for (a, Yı, %) we have (since H is a homogeneous function 
of the order 6, and H, before the change is a homogeneous function of the order 3 in 
(a, Y, 2)) a”x + h’y + g”z= 50H — 3.20, H, = 504 H — 30,H (since, on making the substitution, 
H, = H; but 0,H, =40,H)=20,H; and thus 
(a'a +h'y + gz, K'a + by +f”z, g'æ+f”y+ce”2)= (20H, 20,H, 20,H) ; 
and similarly, on making the substitution, 
(a, bY, e”, S” of’, h’ Ua, y, 2? =6. 5H —3.3.2H, = (30—18) H=12H. 
Hence writing therein U=0, the foregoing equation becomes 
—9(a”, B”, c”, F’, a”, B Y0,U, 0,U, 'o,U) 
= 12H.(A, B,C, F, G, HYO, , 0, , 0,(H —3H,) 
—4 (A, B, C, F, G, HYO,U, 0,U, 0,U), 
which may also be written 
= O(A BO; Fas a" YU, 0,0, 0,0) 
ELA (AB, 10, OF, - GSH G0. OF); yo 
—36H.(A, B, O, F, G, HY0, , oy, , 0, H, 
—+ (A, B, ©, F, G, HÝ sU, 0,U, 0,U)’, 


where (#, Yı, %) are ultimately to be replaced by (æ, y, z) The second line in fact 
vanishes, which I show as follows: 
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Demonstration of my Theorem for a Cubic Curve. ’ 


Let U=(*Qa, y, 2} be a cubic function; it may by a linear transformation of the 
coordinates be reduced to the canonical form 2*+y°+ 2°+ 6leyz, and we then have 


(A, B, C, F, G, HYO,, 0,, O) H+6 
= (yz —Pa*).—6lx 
+ (ze — Py). —6Py 
+ (ay — P2). — 6z 
+ 2 (Pyz — læ). (1 + 26) x 
+ 2 (Pea — ly). (1 + 26) y 
+ 2 (Pay — l2). (1 + 20) z 
= — 18? zyz +64 (+y +z) 
+ 6P (1 + 2B) xyz — 2l (1 + 20) (a + y? + 2) 


= (— 12? + 120) xyz + (—21 + 2%) (a? + y? + 2°) 
= 2(-1+ 1) (+ y? + 2+ 6layz); 


or since — l+ l is equal to the quartinvariant S, and the equation is an invariantive 
one, we have for any cubic function whatever 


(A, B, O; F, G, HY0,, dy, 0) H+ 6 = 2S. U, 


which is the theorem in question. There is a difference of notation, and consequently 
a different numerical factor, in the theorem as stated in the memoir on the conic of 
five-pointic contact, referred to above. 


If, as above, U is a quartic function (#¥a, y, z}, and U,=4 (#0, + y,0, + 2,0.) U, 
then U, is a cubic function, and we have 


(A, B,, GQ, Fi, G, H, Ý ôr, Oy, 0,)? H, + 6° = 28, . U, 


where it is to be noticed that S, denotes a quartic function in the coefficients of U,, 
and consequently a quartic function in (a, 4%, 2) the coefficients being quartic 
functions of the coefficients of U. On writing (æ, y, z) in the place of (m, yı, 2) S 
becomes a quartic function of (a, y, 2), which is in fact a quarticovariant quartic of U. 


If in the foregoing equation we write (a, y, z) in the place of (a, Jy, 2), then 

U, becomes equal to 2U; and consequently, if U=0, the right-hand side of the equation 

vanishes. Moreover (ai, bis Cis fis Gis M) (the second differential coefficients of U,) become 
44—2 
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equal to (a, b, c, f, g, h), and consequently the coefficients (A,, B,, C,, Fi, G,, H1) become 
equal to (A, B, C, F, G, H) Hence, assuming always that U=0, the equation becomes 


(A, B,C, E G, Hise dy, 0, Hi0: 


where after the differentiations (æ, y,, 4) are replaced by (æ, y, z) This is the form 
which is required for the present purpose. 


Returning to the foregoing expression of — 9 (A”, B”, C”, F”, @”, H”Y0z,U, 0,U, 0,U), 
this now becomes 


= 911, =— 9 (A”", BY, 0”, F’, @”, H’ §0,U,, 0,U, 0,0) 
= 4(3H.(A, B, ©, F; G, HY0,, Oy, 0." H —(A, B, C, F, G, HY0,U, 0,U, 0U}, 


so that the equation II,=0 gives 
II, = (A, B, C, F, @, HYO,U, 0,U, 0U} — 3H .(A, B, C, F, G, HX0,, 0,, 0, H =0, 


and the equivalence of the equations I, =0 and HM, = 0 is thus established. 
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